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Abstract
In this paper, we shall investigate the existence of resolvable group divisible designs (RGDDs)
with block size four, group-type hn and index unity. The necessary conditions for such a design
are n¿4, hn ≡ 0 (mod 4) and h(n − 1) ≡ 0 (mod 3). The existence of these designs mainly
depends on the cases h = 1; 2; 3; 6 and 12. We shall improve the known results for the case
h = 3 and show that the above necessary conditions are also su4cient for h = 3 except n = 4
and possibly excepting n = 88; 124. We further show that these necessary conditions are also
su4cient for h= 12 except possibly n= 17; 18; 23; 27. c© 2002 Elsevier Science B.V. All rights
reserved.
MSC: primary 05B05
Keywords: Group divisible designs; Resolvable group divisible designs; Incomplete resolvable
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1. Introduction
A group divisible design (GDD) is a triple (X;G ;B) which satis:es the following
properties:
1. G is a partition of a set X (of points) into subsets called groups,
2. B is a set of subsets of X (called blocks) such that a group and a block contain at
most one common point,
3. every pair of points from distinct groups occurs in a unique block.
The group-type (or type) of the GDD is the multiset {|G|: G ∈ G}. We usually use
an ‘exponential’ notation to describe group-type: a type 1i2j3k : : : denotes i occurrences
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of 1; j occurrences of 2; etc. A GDD (X;G ;B) will be referred to as a K-GDD if
|B| ∈ K for every block B in B. When K = {k}, we simply write k for K .
A GDD is said to be resolvable if its blocks can be partitioned into parallel classes
each of which partitions the set of points. We denote them by K-RGDD.
Resolvable group divisible designs have been instrumental in the construction of
other types of designs. Many researchers have been involved in investigating the exis-
tence of resolvable group divisible designs. It is easy to see the group-type for RGDDs
must be uniform. Simple counting arguments show that if there is a k-RGDD of
type hn, then
n¿k;
hn ≡ 0 (mod k);
h(n− 1) ≡ 0 (mod k − 1):
The necessary conditions for the existence of a k-RGDD of type hn have been proved
to be su4cient for k = 3 (see [1,11,13]), with the de:nite exception of 3-RGDDs of
types 23, 26 and 63. However, the case for k = 4 has remained open for a long time
and we have the following known result (see [8,12,14–16]).
Theorem 1.1. The necessary conditions for the existence of a 4-RGDD(hn); namely;
n¿4; hn ≡ 0 (mod 4) and h(n− 1) ≡ 0 (mod 3); are also su5cient for h= 1; 3; 4; and
for n= 4; 5; except for (h; n) ∈ {(2; 4); (3; 4); (6; 4)} and possibly excepting h= 3 and
n ∈ {28; 44; 88; 124; 152; 184; 220; 268; 284}.
In this paper, we shall focus our attention on the problem of the existence of
4-RGDDs of type hn for h¿ 1. We :rst improve the above theorem and show that
the necessary conditions for the existence of a 4-RGDD of type hn, namely, n¿4,
hn ≡ 0 (mod 4) and h(n − 1) ≡ 0 (mod 3); are also su4cient for h = 3 except n = 4
and possibly excepting n = 88; 124. We further prove that these necessary conditions
are also su4cient for h= 12 except possibly n= 17; 18; 23; 27.
2. Direct constructions
The constructions used in this paper will combine both direct and recursive methods.
For most of our direct constructions, we adapt the familiar method using diKerence sets
as in the construction of BIBDs, where we use :nite-abelian groups to generate the
set of blocks for a given design. That is, instead of listing all the blocks of the design,
we shall list a set of base blocks and generate the others by an additive group and
perhaps some further automorphisms. If G is the additive group under consideration,
then we shall adapt the following convention:
devB = {B+ g: B ∈ B and g ∈ G};
where B is the collection of base blocks of the design.
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Lemma 2.1. For n= 28; 44; there exists a 4-RGDD of type 3n.
Proof. Let the point set be (Zn−1 ∪ {∞}) × Z3, and let {{j} × Z3: j = 1; : : : ; n − 1}
∪ {{∞} × Z3} be the group set of the 4-RGDD. Below are the required base
blocks.
n= 28: {(4; 1); (6; 2); (13; 2); (19; 1)}; {(5; 1); (8; 2); (15; 3); (24; 3)};
{(10; 1); (14; 1); (18; 3); (26; 3)}; {(2; 1); (17; 3); (22; 2); (23; 3)};
{(3; 1); (16; 2); (20; 3); (21; 2)}; {(11; 1); (25; 1); (27; 1); (1; 1)};
{(7; 1); (9; 3); (12; 2); (∞; 1)}:
n= 44: {(2; 1); (37; 1); (40; 1); (43; 2)}; {(1; 1); (7; 3); (18; 1); (26; 3)};
{(6; 1); (16; 3); (20; 3); (24; 1)}; {(4; 1); (17; 2); (28; 2); (29; 2)};
{(15; 1); (22; 1); (27; 3); (42; 3)}; {(9; 1); (10; 3); (31; 3); (33; 3)};
{(3; 1); (12; 1); (13; 2); (41; 3)}; {(19; 1); (30; 3); (34; 2); (36; 3)};
{(5; 1); (25; 2); (32; 1); (39; 2)}; {(8; 1); (11; 3); (21; 3); (38; 1)};
{(14; 1); (23; 2); (35; 3); (∞; 1)}:
Here, we :rst develop these blocks (−; mod 3) to get a parallel class. Then, we develop
this parallel class (mod n− 1;−) to get the RGDD as desired.
Lemma 2.2. For n= 6; 7; 9; 11; 15; there exists a 4-RGDD of type 12n.
Proof. Let the point set be (Z4(n−1) ∪ {∞1;∞2;∞3;∞4}) × Z3, and let {{j; j +
(n−1); j+2(n−1); j+3(n−1)}×Z3: j=1; : : : ; n−1}∪{{∞1;∞2;∞3;∞4}×Z3} be
the group set of the 4-RGDD. Below are the required base blocks.
n= 6: {(10; 1); (14; 1); (18; 3); (1; 3)}; {(11; 1); (15; 1); (19; 2); (2; 2)};
{(2; 1); (4; 1); (15; 2); (16; 1)}; {(3; 1); (5; 1); (16; 3); (17; 1)};
{(12; 1); (19; 1); (20; 2); (∞1; 1)}; {(13; 1); (20; 1); (1; 3); (∞1; 2)};
{(8; 1); (11; 2); (17; 1); (∞2; 1)}; {(9; 1); (12; 3); (18; 1); (∞2; 2)};
{(3; 1); (5; 2); (6; 2); (∞3; 1)}; {(4; 1); (6; 3); (7; 3); (∞3; 1)};
{(7; 1); (9; 3); (13; 2); (∞4; 1)}; {(8; 1); (10; 2); (14; 3); (∞4; 1)}:
n= 7: {(13; 1); (16; 1); (21; 1); (23; 1)}; {(14; 1); (17; 1); (22; 1); (24; 1)};
{(2; 1); (9; 2); (22; 2); (1; 1)}; {(3; 1); (10; 3); (23; 3); (2; 1)};
{(10; 1); (15; 3); (20; 2); (24; 2)}; {(11; 1); (16; 2); (21; 3); (1; 3)};
{(5; 1); (6; 2); (8; 3); (∞1; 1)}; {(6; 1); (7; 3); (9; 2); (∞1; 1)};
{(7; 1); (14; 2); (18; 3); (∞2; 1)}; {(8; 1); (15; 3); (19; 2); (∞2; 1)};
{(4; 1); (17; 3); (19; 1); (∞3; 1)}; {(5; 1); (18; 2); (20; 1); (∞3; 3)};
{(3; 1); (11; 3); (12; 2); (∞4; 1)}; {(4; 1); (12; 2); (13; 3); (∞4; 2)}:
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n= 9: {(7; 1); (8; 2); (11; 2); (21; 1)}; {(8; 1); (9; 3); (12; 3); (22; 1)};
{(18; 1); (22; 1); (24; 1); (25; 2)}; {(19; 1); (23; 1); (25; 1); (26; 3)};
{(4; 1); (14; 3); (16; 1); (27; 3)}; {(5; 1); (15; 2); (17; 1); (28; 2)};
{(2; 1); (3; 1); (12; 1); (17; 3)}; {(3; 1); (4; 1); (13; 1); (18; 2)};
{(6; 1); (9; 3); (23; 1); (29; 2)}; {(7; 1); (10; 2); (24; 1); (30; 3)};
{(13; 1); (20; 2); (32; 3); (∞1; 1)}; {(14; 1); (21; 3); (1; 2); (∞1; 1)};
{(26; 1); (28; 3); (1; 1); (∞2; 1)}; {(27; 1); (29; 2); (2; 1); (∞2; 3)};
{(5; 1); (10; 1); (31; 2); (∞3; 1)}; {(6; 1); (11; 1); (32; 3); (∞3; 2)};
{(15; 1); (19; 3); (30; 3); (∞4; 1)}; {(16; 1); (20; 2); (31; 2); (∞4; 1)}:
n= 11: {(17; 1); (19; 1); (24; 3); (28; 3)}; {(18; 1); (20; 1); (25; 2); (29; 2)};
{(6; 1); (9; 3); (21; 2); (37; 3)}; {(7; 1); (10; 2); (22; 3); (38; 2)};
{(8; 1); (14; 3); (20; 3); (1; 3)}; {(9; 1); (15; 2); (21; 2); (2; 2)};
{(2; 1); (10; 2); (18; 1); (35; 1)}; {(3; 1); (11; 3); (19; 1); (36; 1)};
{(3; 1); (4; 2); (22; 2); (30; 2)}; {(4; 1); (5; 3); (23; 3); (31; 3)};
{(23; 1); (25; 2); (26; 1); (40; 2)}; {(24; 1); (26; 3); (27; 1); (1; 3)};
{(16; 1); (27; 3); (33; 2); (38; 3)}; {(17; 1); (28; 2); (34; 3); (39; 2)};
{(7; 1); (29; 3); (31; 2); (∞1; 1)}; {(8; 1); (30; 2); (32; 3); (∞1; 1)};
{(5; 1); (32; 3); (36; 1); (∞2; 1)}; {(6; 1); (33; 2); (37; 1); (∞2; 3)};
{(11; 1); (12; 1); (15; 2); (∞3; 1)}; {(12; 1); (13; 1); (16; 3); (∞3; 2)};
{(13; 1); (34; 3); (39; 3); (∞4; 1)}; {(14; 1); (35; 2); (40; 2); (∞4; 1)}:
n= 15: {(6; 1); (10; 1); (42; 1); (51; 1)}; {(7; 1); (11; 1); (43; 1); (52; 1)};
{(23; 1); (48; 1); (53; 1); (55; 2)}; {(24; 1); (49; 1); (54; 1); (56; 3)};
{(5; 1); (12; 1); (17; 2); (32; 3)}; {(6; 1); (13; 1); (18; 3); (33; 2)};
{(14; 1); (18; 3); (45; 2); (1; 1)}; {(15; 1); (19; 2); (46; 3); (2; 1)};
{(8; 1); (15; 3); (19; 2); (56; 2)}; {(9; 1); (16; 2); (20; 3); (1; 3)};
{(4; 1); (27; 1); (38; 2); (39; 1)}; {(5; 1); (28; 1); (39; 3); (40; 1)};
{(26; 1); (28; 1); (34; 1); (36; 2)}; {(27; 1); (29; 1); (35; 1); (37; 3)};
{(16; 1); (33; 3); (49; 3); (54; 1)}; {(17; 1); (34; 2); (50; 2); (55; 1)};
{(9; 1); (41; 3); (44; 3); (47; 2)}; {(10; 1); (42; 2); (45; 2); (48; 3)};
{(3; 1); (37; 1); (40; 3); (50; 2)}; {(4; 1); (38; 1); (41; 2); (51; 3)};
{(7; 1); (20; 3); (30; 3); (46; 1)}; {(8; 1); (21; 2); (31; 2); (47; 1)};
{(2; 1); (11; 2); (31; 1); (∞1; 1)}; {(3; 1); (12; 3); (32; 1); (∞1; 2)};
{(13; 1); (29; 2); (35; 3); (∞2; 1)}; {(14; 1); (30; 3); (36; 2); (∞2; 1)};
{(21; 1); (22; 1); (52; 2); (∞3; 1)}; {(22; 1); (23; 1); (53; 3); (∞3; 2)};
{(24; 1); (25; 2); (43; 3); (∞4; 1)}; {(25; 1); (26; 3); (44; 2); (∞4; 1)}:
Here, we :rst develop these blocks (−; mod 3) to get a parallel class for each of the
:rst (listed as the left-hand column) and the last (listed as the right-hand column) n
blocks. Then, we develop these two parallel classes (+2mod 4(n − 1);−) to get the
RGDD as desired.
Lemma 2.3. For n= 10; 14; there exists a 4-RGDD of type 12n.
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Proof. Let the point set be (Z2(n−1) ∪ {∞1;∞2}) × Z6, and let {{j; j + (n − 1)} ×
Z6: j = 1; : : : ; n− 1} ∪ {{∞1;∞2} × Z6} be the group set of the 4-RGDD. Below are
the required base blocks.
n= 10: {(9; 1); (12; 1); (14; 1); (17; 2)}; {(5; 1); (9; 2); (13; 1); (17; 4)};
{(3; 1); (4; 1); (5; 4); (6; 3)}; {(1; 1); (7; 6); (11; 4); (18; 6)};
{(1; 1); (2; 3); (7; 1); (8; 5)}; {(2; 1); (4; 5); (8; 5); (15; 4)};
{(∞1; 1); (10; 1); (15; 3); (18; 6)}; {(∞1; 1); (3; 5); (6; 4); (14; 2)};
{(∞2; 1); (11; 1); (13; 2); (16; 6)}; {(∞2; 1); (10; 4); (12; 3); (16; 5)}:
n= 14: {(11; 1); (12; 3); (18; 6); (19; 3)}; {(2; 1); (4; 4); (6; 5); (11; 2)};
{(7; 1); (8; 1); (13; 1); (24; 1)}; {(17; 1); (21; 2); (25; 5); (26; 4)};
{(3; 1); (9; 2); (20; 3); (23; 3)}; {(15; 1); (16; 5); (18; 3); (23; 1)};
{(1; 1); (5; 1); (15; 3); (25; 2)}; {(9; 1); (12; 2); (20; 5); (24; 4)};
{(4; 1); (14; 2); (16; 2); (26; 5)}; {(5; 1); (14; 6); (19; 1); (22; 5)};
{(∞1; 1); (6; 1); (21; 2); (22; 3)}; {(∞1; 1); (1; 4); (3; 6); (8; 5)};
{(∞2; 1); (2; 1); (10; 2); (17; 5)}; {(∞2; 1); (7; 4); (10; 3); (13; 6)}:
Here, we :rst develop these blocks (−; mod 6) to get a parallel class for each of the
:rst (listed as the left-hand column) and the last (listed as the right-hand column) n=2
blocks. Then, we develop these two parallel classes (mod 2(n−1);−) to get the RGDD
as desired.
Lemma 2.4. There exists a 4-RGDD of type 1213.
Proof. Let the point set be (Z48 ∪ {∞1;∞2;∞3;∞4}) × Z3, and let {{j; j + 12;
j + 24; j + 36} × Z3: j = 1; : : : ; 12} ∪ {{∞1;∞2;∞3;∞4} × Z3} be the group set of
the 4-RGDD. Below are the required base blocks.
n= 13: {(6; 1); (12; 1); (19; 2); (1; 2)}; {(10; 1); (16; 3); (35; 3); (44; 2)};
{(25; 1); (29; 2); (33; 1); (48; 3)}; {(18; 1); (34; 3); (39; 1); (40; 1)};
{(11; 1); (32; 2); (37; 2); (41; 2)}; {(7; 1); (14; 1); (17; 3); (27; 3)};
{(5; 1); (8; 1); (21; 1); (36; 1)}; {(13; 1); (15; 1); (24; 2); (46; 3)};
{(20; 1); (31; 1); (45; 1); (47; 2)}; {(3; 1); (4; 2); (22; 3); (∞1; 1)};
{(9; 1); (23; 2); (26; 3); (∞2; 1)}; {(28; 1); (30; 3); (38; 2); (∞3; 1)};
{(2; 1); (42; 3); (43; 2); (∞4; 1)}:
Here, we :rst develop these blocks (−; mod 3) to get a parallel class. Then, we develop
this parallel classes (mod 48;−) to get the RGDD as desired.
Lemma 2.5. There exists a 4-RGDD of type 12n for 46n616.
Proof. From Theorem 1.1 and Lemmas 2.2–2.4, we need only deal with the cases for
n= 8; 12 and 16. These designs all come from 4-RGDDs of type 3n, where n= 8; 12
and 16 (for the detailed proof, see Lemma 5.7).
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3. Recursive constructions
To describe our recursive constructions, we need the following auxiliary designs.
For more detailed information on some of these related combinatorial structures, the
reader is referred to [2,17].
If (X;G ;B) is a k-GDD and G ∈ G , then we say that a set P⊂B of blocks is
a holey parallel class with hole G provided that P consists of (|X | − |G|)=k disjoint
blocks that partition X\G. If we can partition the set of blocks B into a set P of holey
parallel classes, then we say that (X;G ;P) is a k-frame.
The group-type (or type) of the frame is the multiset {|G|: G ∈ G}. As with GDDs
we shall use an ‘exponential’ notation to describe group-type.
The known results on the existence of 4-frames can be summarized as follows.
Theorem 3.1 (Colbourn et al. [4]; Furino et al. [5]; Ge [7]; Lamken et al. [9];
Ling [10]; Rees and Stinson [14]). There exists a 4-frame of type hu if and only if
u¿5; h ≡ 0 (mod 3) and h(u− 1) ≡ 0 (mod 4); except possibly where
1. h= 36 and u ∈ {8; 12};
2. h= 24 and u= 12;
3. h ≡ 6 (mod 12); h = 18 and u ∈ {7; 19; 23; 27; 35; 39; 43; 47; 63; 67};
4. h= 18 and u ∈ {15; 17; 19; 23; 27; 39}.
A transversal design (TD) TD(k; n) is a GDD of group type nk and block size k.
A resolvable TD(k; n) (denoted by RTD(k; n)) is equivalent to a TD(k + 1; n). It is
well known that a TD(k; n) is equivalent to k − 2 mutually orthogonal Latin squares
(MOLS) of order n. In this paper, we mainly employ the following known results
on TDs.
Lemma 3.2 (Colbourn and Dinitz [3]).
1. An RTD(4; n) exists for all n¿4 except for n= 6 and possibly excepting n= 10.
2. A TD(7; n) exists for all n¿7 except possibly for n ∈ {10; 14; 15; 18; 20; 22; 26; 30;
34; 38; 46; 60; 62}.
3. A TD(q+ 1; q) exists when q is a prime power.
An incomplete group divisible design (IGDD) with block size k and index unity is
a quadruple (X;G ; H;B) which satis:es the following properties:
1. G ={G1; G2; : : : ; Gn} is a partition of a set X (of points) into subsets called groups,
2. H is a subset of X called a hole,
3. B is a collection of subsets of X , called blocks, such that a group and a block
contain at most one common point,
4. every pair of points from distinct groups is either in H or occurs in a unique block
but not both.
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We denote this design by k-IGDD(T ) where T is the type and de:ned by the multiset
{(|Gi|; |Gi ∩ H |): 16i6n}. As with GDDs, we shall use an ‘exponential’ notation to
describe the type. When H = ∅; an IGDD of type {(|Gi|; 0): 16i6n} is just a GDD
of type {|Gi|: 16i6n}.
A k-IGDD is said to be resolvable if its blocks can be partitioned into parallel classes
and partial parallel classes, the latter partition X \H . We denote them by k-IRGDD.
In this paper, we shall only use IRGDDs of such types as (h; 0)m−n(0; h)n where
h¿ 0 and m¿n¿0. So, we shall simply use h(m;n) to denote the type. An IRGDD of
type h(m;1) is just a RGDD of type hm.
To obtain our main results, we shall use the following basic constructions, for which
proofs can be found in [6].
Construction 3.3 (Weighting). Let (X;G;A) be a GDD; and let w: X→ Z+∪{0} be
a weight function on X. Suppose that for each block A ∈A, there exists a k-frame
of type {w(x): x ∈ A}. Then there is a k-frame of type {∑x∈Gi w(x): Gi ∈ G}.
Construction 3.4 (InNating RGDDs by RTDs). If there exists a k-RGDD of type hu
and an RTD(k; m); then there exists a k-RGDD of type (mh)u.
Construction 3.5 (Frame constructions). Suppose there is a k-frame with type
T = {ti: i = 1; 2; : : : ; n}. Suppose also that t|ti and that there exists a k-RGDD
of type t1+ti =t for i = 1; 2; : : : ; n. Then there exists a k-RGDD of type tu where
u= 1 +
∑n
i=1
ti
t .
Construction 3.6 (Generalized frame constructions). Suppose there is a k-frame with
type T = {ti: i = 1; 2; : : : ; n}. Let t|ti and b¿ 0. If there exists a k-IRGDD of type
t(ti =t+b;b) for i=1; 2; : : : ; n− 1; then there exists a k-IRGDD of type t(u+b; tn=t+b) where
u=
∑n
i=1
ti
t . Furthermore, if a k-RGDD of type t
tn=t+b exists, then a k-RGDD of type
tu+b exists.
The following construction is established in [14].
Construction 3.7 (Constructions using color classes). Suppose there exists a k-RGDD
of type gu, a k-frame of type (mg)v where u¿m + 1, and that there exists an
RTD(k; mv). Then there exists a k-RGDD of type (mg)uv.
4. Existence of 4-RGDDs(3n)
In this section, we shall improve the known results on the existence of 4-RGDDs
of types 3n. Generalized frame constructions will play an important role in obtaining
the main results of this section.
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Lemma 4.1. There exists a 4-RGDD of type 3152.
Proof. First, apply Construction 3:6 with a 4-frame of type 215 coming from Theorem
3.1 and a 4-RGDD of type 38 coming from Theorem 1.1, which is also a 4-IRGDD
of type 3(8;1), we get a 4-IRGDD of type 3(36;8). Then, we start with a TD(6; 7) and
truncate one group to size 1. This give a {5; 6}-GDD of type 7511. Give weight 12 to
each point of this GDD using 4-frames of types 125 and 126 as input designs, which
come from Theorem 3.1, we get a 4-frame of type 845121. Adjoin 24 in:nite points
and apply Construction 3:6 with this 4-frame using the above 4-IRGDD of type 3(36;8)
and a 4-RGDD of type 312 coming from Theorem 1.1, we get a 4-RGDD of type 3152
as desired.
Lemma 4.2. There exists a 4-RGDD of type 3184.
Proof. The proof is similar to that of Lemma 4.1. Here, we start from a TD(7; 7) and
truncate one group to size 2. The proof is complete.
Lemma 4.3. There exists a 4-RGDD of type 3220.
Proof. The proof is similar to that of Lemma 4.1. Here, we start from a TD(8; 7) and
truncate one group to size 4.
Lemma 4.4. There exists a 4-RGDD of type 3268.
Proof. The proof is similar to that of Lemma 4.1. Here, we :rst apply Construction
3:6 with a 4-frame of type 335 coming from Theorem 3.1 and a 4-RGDD of type 312
coming from Theorem 1.1 to get a 4-IRGDD of type 3(56;12). Then, we start with a
TD(6; 11) and truncate one group to size 9. The proof is complete.
Lemma 4.5. There exists a 4-RGDD of type 3284.
Proof. The proof is similar to that of Lemma 4.4. Here, we start with a TD(7; 11) and
truncate one group to size 2.
Theorem 4.6. The necessary conditions for the existence of a 4-RGDD(hn); namely;
n¿4; hn ≡ 0 (mod 4) and h(n − 1) ≡ 0 (mod 3); are also su5cient for h = 3; except
for (h; n) = (3; 4) and possibly excepting h= 3 and n ∈ {88; 124}.
Proof. Combine Theorem 1.1, Lemmas 2:1 and 4:1–4:5 the conclusion then
follows.
Remark. After submission of this paper, we got the information that the existence
result stated in Theorem 4.6 was also established by Shen et al. independently [Shen
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Hao and Shen Jia-ying, Further results on the existence of labeled resolvable block
designs, J. Shanghai Jiaotong Univ. E-4 (1999) 52–56].
5. Existence of 4-RGDDs(12n)
In this section, we shall investigate the existence of 4-RGDDs of types 12n. First,
we establish a preliminary bound and then treat the small orders. Denote N = {n: a
4-RGDD of type 12n exists}. We need the following working lemma.
Lemma 5.1. Suppose a TD(7; m) exists. Suppose also there exist 4-frames of type
12t for t=m; a2 and a 4-RGDD(12a1+1); where 06a1¡m and 06a26m. If n=5m+
a1 + a2 + 1; then there exists a 4-RGDD of type 12n.
Proof. Truncate 2 groups in the TD(7; m) to sizes a1 and a2. Take a deleted point from
the group of size a1 to rede:ne groups. This gives a {5; 6; 7; m; a2}-GDD with groups
of sizes 5; 6 and a1. Apply Construction 3:3 with weight 12, add 12 in:nite points and
apply Construction 3:5 with 4-RGDDs of types 126, 127 coming from Lemma 2.5, and
type 12a1+1, we then get the design as desired. Here we also need 4-frames of types
12u for u ∈ {5; 6; 7} as input designs, which all come from Theorem 3.1. The proof is
complete.
Lemma 5.2. If n¿84; then n ∈ N .
Proof. From Lemma 3.2, we have a TD(7; m) or a TD(7; m+1) for any m¿15. Apply
Lemma 5.1 with m¿15, a1 = 3 and 56a26m, we then have [5m + 9; 6m + 4]⊂N .
Here, we need a 4-RGDD of type 124 which is in fact an RTD(4; 12) coming from
Lemma 3.2. It is not di4cult to check that these intervals overlap when m runs over
[15;∞).
Lemma 5.3. If 496n683; then n ∈ N .
Proof. Start with a TD(10; 9) and truncate 5 groups to size ai, where ai ∈ {0; 3; 4; : : : ; 9}
and 16i65. This gives a {5; 6; 7; 8; 9; 10}-GDD of type 95a11a12 : : : a15. Give weight 12
to each point of this GDD to obtain a 4-frame of type 1085(12a1)1(12a2)1 : : : (12a5)1.
Adding 12 in:nite points and using 4-RGDDs of types 12u for u ∈ {4; 5; : : : ; 10} com-
ing from Lemma 2.5 to :ll in the holes gives the desired 4-RGDDs of types 12n for
496n683.
Lemma 5.4. If 396n648; then n ∈ N .
Proof. The proof is similar to that of Lemma 5.3. Here, we start with a TD(7; 7) and
truncate 2 groups to size ai, where ai ∈ {0; 3; 4; : : : ; 7} and 16i62.
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Lemma 5.5. 38 ∈ N .
Proof. Start with a TD(6; 7) and delete 5 points from a block so as to form a
{5; 6}-GDD of type 6571. Give weight 12 to the points of this GDD to obtain a
4-frame of type 725841. Adding 12 in:nite points and using 4-RGDDs of types 12u
for u= 7; 8 coming from Lemma 2.5 to :ll in the holes gives the desired 4-RGDD of
type 1238.
Lemma 5.6. If n ∈ {19; 21; 22; 25; 33; 34; 37}; then n ∈ N .
Proof. Start from a 4-frame of type (12s)t where s ∈ {3; 4} and t ¿ 0 coming from
Lemma 3:1 and apply Construction 3:5. Adding 12 in:nite points and using 4-RGDDs
of types 12u for u = 4; 5 coming from Lemma 2.5 to :ll in the holes gives the de-
sired 4-RGDDs of types 12n for n ∈ {19; 21; 22; 25; 33; 34; 37}. We list the suitable
parameters such that n= st + 1 below.
n= 19: s= 3; t = 6;
n= 21: s= 4; t = 5;
n= 22: s= 3; t = 7;
n= 25: s= 4; t = 6;
n= 33: s= 4; t = 8;
n= 34: s= 3; t = 11;
n= 37: s= 4; t = 9:
Lemma 5.7. If n ∈ {20; 24; 28; 32; 36}; then n ∈ N .
Proof. For each given n, a 4-RGDD of type 3n exists from Theorem 4.6. Apply
Construction 3:4 to these 4-RGDDs with an RTD(4; 4), we get the results as
desired.
Lemma 5.8. 35 ∈ N .
Proof. Apply Construction 3:7 with g = 12, u = 5, m = 1 and v = 7. Here, we need
a 4-RGDD(125), a 4-frame(127) and an RTD(4; 7), which come from Lemma 2.5,
Theorem 3.1 and Lemma 3.2, respectively. It is easy to see that u=5¿ 2=m+1, so
we can get the result as desired.
Lemma 5.9. If n ∈ {26; 29; 30; 31}; then n ∈ N .
Proof. The proof is similar to that of Lemma 5.3. Here, we start with a TD(6; 5) and
truncate one group to size 0; 3; 4 or 5.
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Theorem 5.10. The necessary conditions for the existence of a 4-RGDD(hn); namely;
n¿4; hn ≡ 0 (mod 4) and h(n− 1) ≡ 0 (mod 3); are also su5cient for h= 12; except
possibly for h= 12 and n ∈ {17; 18; 23; 27}.
Proof. Combine Lemmas 2:5 and 5:2–5:9, the conclusion then follows.
Now, we are in a position to state our main result.
Theorem 5.11. The necessary conditions for the existence of a 4-RGDD(hn);
namely; n¿4; hn ≡ 0 (mod 4) and h(n − 1) ≡ 0 (mod 3); are also su5cient for
h = 3; 12; except for (h; n) = (3; 4) and possibly excepting (h; n) ∈ {(3; 88); (3; 124);
(12; 17); (12; 18); (12; 23); (12; 27)}.
Proof. Combine Theorems 4.6 and 5.10, the conclusion then follows.
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